Abstract: Let X be a hyperkähler manifold deformation equivalent to the Hilbert square of a K3 surface and let be an involution preserving the symplectic form. We prove that the fixed locus of consists of 28 isolated points and one K3 surface, and moreover that the anti-invariant lattice of the induced involution on H 2 (X Z) is isomorphic to E 8 (−2). Finally we show that any couple consisting of one such manifold and a symplectic involution on it can be deformed into a couple consisting of the Hilbert square of a K3 surface and the involution induced by a symplectic involution on the K3 surface.
Introduction
Many papers on automorphisms of hyperkähler manifolds have appeared in recent years, starting from the foundational works of Nikulin [17] and Mukai [15] , and a particular example of Morrison [14] in the case of K3 surfaces. Then other examples of such automorphisms were given by Namikawa [16] , Beauville [2] , Kawatani [11] , and Amerik [1] . Further results in the case of generalized Kummer varieties were obtained by Boissière, Nieper-Wißkirchen and Sarti [5] . Some general work on automorphisms and birational maps was done by Oguiso [21] , Boissière [4] , and Boissière and Sarti [6] ; order 2 automorphisms were analyzed by Beauville [3] and Camere [7] . The papers [19, 20] by O'Grady study Double-EPW sextics which are naturally endowed with an antisymplectic involution.
The aim of the present paper is to prove that involutions preserving the symplectic form on a hyperkähler variety of K3 [2] -type are all deformation equivalent. In the following X will always be a hyperkähler manifold deformation equivalent to the Hilbert square of a K3 surface (i.e. a manifold of K3 [2] -type), and σ will denote a holomorphic symplectic form on X . Recall that the integral second cohomology of a hyperkähler manifold is endowed with the Beauville-Bogomolov integral quadratic form. In Section 2 we provide preliminaries on hyperkähler manifolds and quadratic forms.
Given a bimeromorphic map of X , * is defined on H 2 (X Z) since the indeterminacy locus has codimension at least 2. In case : X X is a meromorphic involution, i.e. • = Id, then * σ = ±σ . In this paper we are interested mainly in symplectic involutions, i.e. in involutions such that * (σ ) = σ
In Section 3 we prove general results concerning finite automorphism groups of manifolds of K3 [2] -type. An interesting question is whether these groups are induced by finite automorphism groups on K3 surfaces. We formalize this question as follows. Let G be a group acting faithfully on X , we call (X G) a couple. Two couples (X G) and (Y G) are isomorphic if there exists a G-equivariant isomorphism X → Y .
Definition 1.1.
Given a manifold X and a group G acting faithfully on it. A G-deformation of X (or a deformation of the couple (X G)) is a pair that consists of
• a flat family X → B and a faithful action of the group G on X inducing fibrewise faithful actions of G,
• a map {0} → B and a G-equivariant isomorphism X 0 → X .
Let G be a cyclic group generated by the automorphism of X . We will denote by (X ) the couple (X G). Let ψ be an automorphism of a K3 surface S, we denote by ψ [2] the automorphism it induces on S [2] .
Definition 1.2.
Let X be a hyperkähler manifold of K3 [2] -type endowed with an automorphism ψ of finite order. The couple (X ψ) is standard if there exists a K3 surface S and an automorphism ψ of S such that the couples (X ψ) and (S [2] ψ [2] ) are deformation equivalent. The couple (X ψ) is exotic if it is not standard.
All automorphisms of a manifold of K3 [2] -type are standard. An example of exotic automorphism of order 3 of the Fano variety of lines on a particular cubic fourfold can be found in Namikawa [16] . The main result of the present paper is the following: Theorem 1.3.
Let X be a manifold of K3 [2] -type, and let ∈ Aut(X ) be a symplectic involution. Then there exists a K3 surface S endowed with a symplectic involution ψ such that (X ) and (S [2] ψ [2] ) are deformation equivalent.
The above result proves the following conjecture made by Camere.
Conjecture 1.4 ([7]).
Let X be a hyperkähler manifold deformation equivalent to the Hilbert square of a K3 surface, and let be an involution of X preserving the holomorphic symplectic form. Then the fixed locus X does not contain complex tori.
Preliminaries

Hyperkähler manifolds
This subsection summarizes some facts about hyperkähler manifolds, the interested reader can consult [9] .
Definition 2.1.
Let X be a Kähler manifold. It is called a hyperkähler manifold if
• X is compact,
• X is simply connected,
• H 2 0 (X ) = Cσ X , where σ X is a symplectic form that is a holomorphic 2-form which is closed and everywhere nondegenerate.
We remark that the isometry class of H 2 (X Z) with the Beauville-Bogomolov form is invariant under smooth deformations.
Example 2.2.
Let S be a K3 surface, then S [2] is a hyperkähler manifold. The class H 2 (S [2] Z) endowed with its Beauville-Bogomolov pairing is isomorphic to the lattice
where U is the hyperbolic lattice, E 8 (−1) is the unique unimodular even negative definite lattice of rank 8, (−2) is (Z ) with (1) = −2, and ⊕ denotes orthogonal direct sum; and there exists a class ∈ H 1 1 (S [2] Z) of square −2 such that
Let X be a hyperkähler manifold of K3 [2] -type, then
Marked hyperkähler manifolds are particularly interesting because there exists a moduli space of marked hyperkähler manifolds and there can be introduced a useful notion of period map, see [9, Chapter 25] . Let M K3 [2] be the moduli space of marked hyperkähler manifolds (X ) deformation equivalent to K3 [2] , let
be the period domain and let P : M K3 [2] → Ω be the period map, where P(X ) = (σ X ) and σ X is a symplectic 2-form. The period map is surjective and it is a local isomorphism. According to a global Torelli theorem, proved by Verbitsky in the case of hyperkähler manifolds considered in this paper, two marked hyperkähler manifolds having the same period are birational; see also [10, 12, 22] .
Definition 2.3.
Let X be a hyperkähler manifold and ω a Kähler class. Let
be the set of positive classes in H 1 1 R (X ). Its connected component containing ω is called the positive cone C X . The set of Kähler classes is called the Kähler cone K X ⊂ C X . The union
where : X X runs through all birational maps X X from X to another hyperkähler manifold X , is called the birational Kähler cone.
There are several results on the structure of these cones, see [9, Sections 27, 28] 
Lattices and discriminant forms
In this subsection we summarize several notions on lattice theory and we analyze some lattices appearing in the rest of the paper. Most of these results are taken from [18] .
Let us start with the basic notions of discriminant groups and forms. Given an even lattice N with quadratic form , we can consider the group 
A S = A S A S .
Later we will need to analyze primitive embeddings of an even lattice into another one. Let us make some useful remarks whose proofs can also be found in [18] .
Remark 2.7.
A primitive embedding of an even lattice S into an even lattice N is equivalent to giving N as an overlattice of S ⊕ S Keeping the same notation as before we give converse statements to the above remarks. The following is a lemma on primitive vectors, it will be needed in the proof of Lemma 5.5.
Lemma 2.9 ([18, Proposition 1.15.1]).
Primitive embeddings of S into an even lattice N are determined by the sets (H
S H N γ K γ K ),
Lemma 2.10 ([8, Lemma 7.5]).
Let T be an even lattice such that T ∼ = U 2 ⊕ N for some lattice N, and let ∈ T be two primitive vectors such that
where ( T ) is the image of the linear function ( −) applied to T ,
Then there exists an isometry of T such that ( ) = .
Example 2.11.
Let us concentrate on the lattices of interest to us. Let E 8 (−2) be the lattice E 8 with quadratic form multiplied by −2. Let L be as in (1) and let
The lattice E 8 (−2) has discriminant group (Z/(2)) 8 and discriminant form E 8 (−2) given by the following matrix: 
Since Λ is unimodular, A Λ = {0}. The lattice (−2) has discriminant group Z/(2) and discriminant form with (1) = A (−2) (1) = 1/2. Therefore the lattice M has discriminant form E 8 (−2) ⊕ over the group (Z/(2)) 9 .
Lemma 2.12.
Let ∈ O(L), then there exists an embedding L ⊂ Λ and an isometry ∈ O(Λ) such that L = and L
⊥ = Id.
Proof. The isometry induces an automorphism of the discriminant group
Consider now a lattice of rank 1 generated by an element of square 2, its discriminant group is still Z/(2) and it is generated by [ /2] with discriminant form given by ( /2) = 1/2. Notice that L ⊕ Z has an overlattice isometric to Λ which is generated by L and ( + )/2. Now extend on L ⊕ putting ( ) = , we obtain an extension of to Λ defined as follows:
To conclude this section we analyze the behaviour of (−2) vectors inside L and M, since they will play a fundamental role in the proof of Theorem 1.3.
Lemma 2.13.
Let (−2) be the usual lattice and let be one of its generators. Let L and M be as before.
• Up to isometry, there is only one primitive embedding
Furthermore, for all other primitive embeddings into M, given by (H
Proof. By Lemma 2.9 we know that the quintuple (H H M γ K γ K ) determines primitive embeddings of inside 
Action of automorphisms on cohomology
In this section we provide a series of useful facts about finite groups acting faithfully on X and a generalization of some results contained in [17] . We wish to remark that some among these results are already contained in [2] , such as most of Lemma 3.4 and (5).
Definition 3.1.
Let G be a finite group acting faithfully on X . The fixed locus of the induced action of G on cohomology is called the
The fixed locus of G on X will be denoted as X G . If a group G acts on a lattice R, we define T G (R) as the invariant sublattice and
From now on we keep the same notations as in [17] , apart for the following: Definition 3.2.
Let T (X ) be the least integer Hodge structure (i.e., T (X ) is a lattice and T (X ) ⊗ C is a Hodge structure) such that
is an irreducible Hodge structure and H 1 1 Z (X ) ⊥ ⊗ C contains σ . This definition differs from the one given in [17] and in several other papers (where usually S(
. The same definition can be given for any symplectic manifold.
Example 3.3.
An example where our definition differs from the usual one, is a very general elliptic K3, such that H 1 1
as γ X ( ) = (σ ) X , it has kernel T (X ) ∩ S(X ) = 0. For any finite group G of Hodge isometries on H 2 (X Z) we have the following exact sequence:
where Γ ⊂ U(1) is a cyclic group of order , G 0 = ker G → Aut(H 2 0 (X )) . The action of G on H 2 0 is the action of a finite group on C * . The following result is a generalization of [17, Theorem 3.1].
Lemma 3.4.
Let X be a hyperkähler 4-fold of K3 [2] -type and G ⊂ Aut(X ), |G| finite. Then:
The representation of Γ on T (X ) ⊗ Q splits as the direct sum of irreducible representations of the cyclic group Γ having maximal rank, i.e., of rank φ( ).
Proof. 1. Let ∈ G
0 . Let us show that * acts trivially on T (X ) ⊗ Q. We start by considering the kernel of the map * − Id T (X ) which is a lattice (and a Hodge substructure) R inside T (X ). Hence, by minimality of T (X ), R ⊗ Q is either 0 or R ⊗ Q = T (X ) ⊗ Q. Considering the map (4), since * is a Hodge isometry we have
Thus R is all of T (X ). To obtain the converse we prove that * σ = λσ with λ = 1 implies that 1 is not an eigenvalue of * on T (X ). Indeed,
2. The preceding arguments show that every nontrivial element of G/G 0 has no eigenvalue 1 on T (X ) and hence also on T (X ) ⊗ Q. This implies our claim.
Let now G be a finite group of automorphisms such that G = G 0 . Following Nikulin we will call such G an algebraic automorphism group. We give some useful generalizations of [17, Section 4].
Lemma 3.5.
Let G be a finite algebraic automorphism group of a fourfold X of K3 [2] -type, then
S G (X ) is nondegenerate and negative definite,
S G (X ) contains no element with square −2,
T (X ) ⊂ T G (X ) and S G (X ) ⊂ S(X ),
G acts trivially on A S G (X ) .
Proof. The third assertion is an immediate consequence of Lemma 3.4 because G acts as the identity on σ and therefore on all of T (X ).
To prove that S G (X ) and T G (X ) are nondegenerate, let H 2 (X Z) = ρ U ρ be the decomposition in orthogonal representations of G, where U ρ contains all irreducible representations of G of character ρ inside H 2 (X Z). Obviously T G (X ) = U Id and S G (X ) = ρ =Id U ρ , which implies they are orthogonal and of trivial intersection. Hence they are both nondegenerate.
Since
Hence the lattice S G (X ) is negative definite.
To prove the last assertion, let us proceed as in Lemma 2.12, i.e. let us choose a primitive embedding of H 2 (X Z) in the lattice Λ such that the action of G extends trivially outside the image of H 2 (X Z). Therefore S G (X ) ∼ = S G (Λ) and
where the isomorphism is G-equivariant. G acts trivially on T G (Λ), thus its induced action on A T G (Λ) is trivial. Using the G-equivariant isomorphism we have that G acts trivially also on A S G (Λ) = A S G (X ) .
Let us prove that there are no −2 vectors inside S G (X ). Assume on the contrary that we have an element ∈ S G (X ) such that ( ) = −2. Then by [13 
Theorem 3.6.
Let G be a finite subgroup of O(L). Suppose that
S G (L) is nondegenerate and negative definite,
S G (L) contains no element with square (−2).
Then G is induced by a subgroup of Bir(X ) for some manifold (X ) of K3 [2] -type.
Proof. By the surjectivity of the period map and by Lemma 3.5 we can consider a marked K3 [2] - Let β ∈ C X be a Kähler class and let D ∈ Pic(X ) be a uniruled divisor, we can write
type 4-fold (X ) such that T (X ) → T G (L) and S(X ) → S G (L) are isomorphisms. Let ∈ G, let us consider the marked varieties (X ) and (X •
and, moreover, we have
and D is uniruled. We come to the contradiction:
, hence there are no uniruled divisors inside Pic(X ). Moreover we obtain Γ * = Z * , i.e., there exists a bimeromorphic map ψ of X such that ψ *
Fixed locus of a symplectic involution
Our work on symplectic involutions starts with an analysis of the fixed locus of a symplectic involution on X . The main result of this section is the following:
Theorem 4.1.
Let X be a hyperkähler manifold of K3 [2] -type with a symplectic involution . Then Conjecture 1.4 holds, the fixed locus X consists of 28 isolated points and one K3 surface. Moreover, the lattice T (X ) has rank 15.
Notice that this is what happens in Example 4.4. The starting point of our proof will be the following result of Camere.
Proposition 4.2 ([7]).
Let X be a manifold of K3 [2] -type and let ⊂ Aut(X ) be a symplectic involution. Then rank T (X ) ≥ 11. Moreover, unless X contains a complex torus, we have rank T (X ) = 15 and X consists of 28 isolated points and a K3 surface.
Remark 4.3.
Proposition 4.2 implies that a symplectic involution on X cannot induce the identity map on cohomology. The same result can be proven for automorphisms of manifolds of K3 [2] -type of any order.
Example 4.4.
Let S be a K3 surface endowed with a symplectic involution ψ. Then the manifold X = S [2] has a symplectic involution ψ [2] fixing 28 points and one K3 surface Y . Notice that Y is the minimal resolution of S/ψ.
For further examples the reader can consult [7] . To prove Theorem 4.1 let us do some preliminary work to analyze small deformations of the couple (X ), i.e. the following: choose a small ball U representing Def (X ), whose tangent space at the origin is given by H 1 (T X ). The symplectic involution on X extends to an automorphism of the versal deformation family X → U as follows:
Here is the involution on U (which is small enough to have (U) = U), induced by the action of the symplectic involution on H 1 (T X ). Moreover, induces an involution of X which yields fibrewise isomorphisms between X and X ( ) . The differential of at 0 is given by the action of on H 1 (T X ), which is the same as the action on H 1 1 (X ), since the symplectic form σ induces an isomorphism between those two and σ is preserved by the action of . On the other hand, U is smooth, since is linearizable, and hence dim U = rank T (X ) − 2 which is always positive by Lemma 3.5. We want to obtain a deformation of the couple (X ), hence we need to restrict to U to get a fibrewise involution. Therefore we obtain the following diagram:
where Y → U represents the functor of deformations of the couple (X ), i.e., all small deformations of this couple must embed in Y → U . The involutions are given by M X .
It is obvious that this deformation space is "maximal" in some sense. Let us make this more precise using the period map. Given a finite group G ⊂ O(L) we denote by Ω G the set of points (X ) in the period domain such that (σ X ) ∈ T G (L). Given (X ) with a group G acting faithfully on it via symplectic bimeromorphic maps, we call the following a maximal family of deformations of (X G Bir ):
/ / U where the family X over U is endowed with a fibrewise faithful bimeromorphic action of G and the period map P, given a compatible marking, sends surjectively a neighbourhood of 0 ∈ U inside a neighbourhood of P(X ) ∩ Ω G .
Similar definitions can be given for maximal family of deformations of (X G Aut ) or (X G Hod ) with G acting as symplectic automorphisms or Hodge isometries on H 2 (X Z) respectively. Notice that the family Y → U , we mentioned above, is a maximal family for the couple (X ).
Remark 4.5.
is the union of countable codimension 1 subsets and consists of Hodge structures on marked varieties (X ) over Ω G such that the inclusion (T (X )) → T G (L) is proper. Moreover, outside this set T (X ) is irreducible. Now we can use this construction to prove the following fact: Proposition 4.6.
Let (X ) be as before and suppose fixes at least one complex torus T . Then T (X ) has rank at most 6.
Proof. Suppose on the contrary that T (X ) has rank ≥ 7. Let us consider small deformations of the couple (X ) over a representative U of Def (X ) given by
as done in (6) . We let σ be the symplectic form on X .
From linear algebra, the fixed locus X is smooth and consists only of symplectic varieties since the symplectic form σ restricts to a nonzero symplectic form on all connected components of X . Moreover, it is stable for small deformations of the couple (X ), i.e., the fixed locus X Φ is a small deformation of the fixed locus X . Therefore we have a well-defined map of integral Hodge structures H 2 (X C) Φ → H 2 (T C) sending a class on H 2 (X ) to its restriction to T , where T is a small deformation of T fixed by Φ (i.e., is a component of the fibre over of X Φ ). Since Φ (σ ) = σ and σ T = 0, this map is not the zero map and, being a map of Hodge structures, its kernel is again a Hodge structure. Given a marking F over X, (X F ) is a maximal family of deformations of the couple (X ). Let V = {P(X F ) : ∈ U} ⊂ Ω , by Remark 4.5 there exists ∈ V \ Ω and this period corresponds to a marked manifold (X F ) such that T (X ) = T Φ (X ), i.e. this Hodge structure is irreducible. Therefore, the map H 2 (X C) Φ → H 2 (T C) is an injection. But this is absurd if T (X ) has rank greater than 6, since H 2 (T ) has dimension 6.
Proof of Theorem 4.1. By Proposition 4.2, rank T (X ) ≥ 11. Therefore, by Proposition 4.6, symplectic involutions cannot fix complex tori.
Deformation equivalence of couples (X )
Having determined X we proceed to compute S (X ). We will use part of Nikulin's theorems summarized in subsection 2.2, and also the following result concerning invariant and co-invariant lattices of involutions on L and Λ.
Lemma 5.1.
Let ∈ O(L) be an involution and let L ⊂ Λ be as in Lemma 2.12, i.e. ⊂ O(L) ⊂ O(Λ)
. Then the following hold:
Proof. Given an element ∈ Λ, we have = ( 
Theorem 5.2.
Let X be a hyperkähler manifold of K3 [2] -type and ∈ Aut(X ) a symplectic involution. Then the lattice S (X ) is isomorphic to E 8 (−2) and T (X ) is isomorphic to
Proof. We know that S (X ) has rank 8 by Theorem 4.1 and it equals S (Λ) by Lemma 5.1, therefore the discriminant group A S (Λ) can be generated by 8 elements and so does its unimodular complement A T (Λ) . This means that we can apply Lemma 2.5 obtaining T (Λ) = U ⊕ T , which means that we can define an involution of U 3 ⊕ E 8 (−1) 2 having S (Λ) as the anti-invariant lattice. By Lemma 3.5 this involution satisfies the conditions of [17, Theorem 4.3] , thus this involution on U 3 ⊕ E 8 (−1) 2 is induced by a symplectic involution ψ on some K3 surface S and hence also S ψ (S) ∼ = S (X ). By [14] , we know S (X ) = E 8 (−2) and T (X ) is just its orthogonal complement in L, which is easily proven to be E 8 (−2) ⊕ U 3 ⊕ (−2) using Lemma 2.9.
Corollary 5.3.
Proof. By Example 2.11 we know the discriminant form and group of E 8 (−2). Therefore we can apply Lemma 2.9, obtaining that embeddings of E 8 (−2) into L are given by quintuples (H H γ K γ K ). Moreover, two such embeddings (H H γ K γ K ) and (N N γ K γ K ) are conjugate if and only if H is conjugate to N through an automorphism of (Z/(2)) 8 sending γ into γ . In our case the computations are particularly simple: due to the values of E 8 (−2) (all elements have square 0 or 1) and (all nonzero elements have square 1/2) the only possible choices of H and H are given by the one element group and so we obtain our claim.
Moreover, this implies that we can always choose a marking of (X ) so that the induced action of on L is given by leaving (−2) ⊕ U 3 invariant and exchanging the two remaining E 8 (−1), so that S is given by the differences − ( ) for ∈ E 8 (−1).
Now we can proceed with the proof of Theorem 1.3, i.e., that all couples (X ), where is a symplectic involution, are standard. Let M 2 be the subset of M K3 [2] given by the marked manifolds (X ) such that there exists Proof. M 2 is locally given by 8 linearly independent conditions on the image of the period map, i.e. P(X ) ⊥ with ranging through a set of generators for a lattice of type E 8 (−2) ⊂ L. Due to Corollary 5.3 we can assume that the marking is fixed. Given such (X ) we can define an involution inside its cohomology by imposing (S (X )) = E 8 (−2) ⊂ L. Since this is a maximal family of Hodge involutions, the generic element (Y ) of this space has Pic(Y ) = E 8 (−2) by Remark 4.5. By Theorem 3.6, extends to a birational involution on Y . Finally, by Theorem 5.2, a couple (X ) endowed with a marking satisfies the condition E 8 (−2) ⊂ (Pic(X )) and thus is inside this space.
Let Ω 2 = P(M 2 ) and let Ω 2 denote the set of ω ∈ Ω 2 such that ( ω) = 0. Let M be as in (2), there is a sublattice M 0 of L isomorphic to M given by T (S [2] ) , where (S [2] ) is a marked hyperkähler manifold and is a symplectic involution on it. Moreover, by Corollary 5.3, all such lattices are conjugate through an isometry of L, hence without loss of generality we can fix M 0 ⊂ L, M ∼ = M 0 , and impose
for all couples (X ) and an appropriate marking .
Lemma 5.5.
Let 0 = ∈ M be a primitive isotropic vector, then there exist a sublattice ∈ T ⊂ M and a (−2) vector such that
• is 2-divisible in M, ( ) is 2-divisible in L. To obtain our last claim we let = η −1 ( ). As we just proved, it is 2-divisible, of square −2 and it is orthogonal to . Proof of Theorem 1.3. Let be a marking of X such that P(X ) ⊂ P(M 0 ⊗ C) and (S (X )) ⊥ M 0 . Moreover, let X → U be a maximal family of deformations of the couple (X ) as in (6) and let F be a marking of X compatible with such that V = {P(X F ) : ∈ U} is a small neighbourhood of P(X ). By Lemma 5.7 there exist a point ∈ V and a 2-divisible primitive vector of square (−2) such that ⊥ . Since the global Torelli theorem holds, we can use Lemma 2.4 on the manifold X such that P(X F ) = . This gives that X is bimeromorphic to the Hilbert square of a certain K3 surface S. Thus we get a bimeromorphic involution on S [2] such that S (S [2] ) ⊂ Pic(S) ⊂ Pic(S [2] ), where Pic(S) = ∈ Pic(S [2] ) : ⊥ By [17, Theorems 4.3 and 4.7] we have a symplectic involution ψ on S given by the action of on ⊥ ∼ = H 2 (S Z) which induces an involution ψ [2] on S [2] . Furthermore the birational map ψ [2] • induces the identity on H 2 (S [2] Z), therefore it is biregular (sends any Kähler class into itself), and it is also the identity, see Remark 4.3. This means = ψ [2] , which implies our claim.
Let
